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INTRODUCTION 
We consider the singular foliation of the real plane R2 defined by a 
polynomial vector field 
u =fk Y) -$& + g(x, Y) a, ay 
where f, g are polynomials of degree no more than d, and so that 
fb-,Y)= 1 f&vi, 
i+j<d 
g(x,y)= c &$Y’, 
i+j<d 
1 (f;+g;)= 1. 
i,i 
The set of such vector fields is the unit sphere 9 in the coefficient space. Its 
dimension is (d + 1 )(d + 2) - 1. Note that f and g may have common fac- 
tors. 
The leaves of the u-foliation of IF!* are the solutions z(t) = (x(t), y(t)) of 
the ordinary differential equation 
i = u(z). (1) 
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To understand the topology of this foliation is very much an open 
problem+specially to estimate the number of its limit cycles-isolated 
periodic solutions to (1). Hilbert’s 16th problem calls for a universal bound 
Nd on the number of limit cycles possessed by any polynomial field u e 9. 
To date it is not even known if N, < +co. 
In this note we analyze the period and arc length of limit cycles of v. We 
do so not on lR2 but on its Poincare compactilication D. See [Go]. 
Using the methods of analytic geometry, we prove 
THEOREM 1. Let T> 0 be given. There exists a universal bound b(d, T) 
on the number of limit cycles of period < T for all v E Y. 
With methods of differential analysis, we get 
THEOREM 2. The arc length of any periodic solution to (1) is < 2n(d + 1). 
The study of limit cycles proceeds in two ways. One uses real analytic 
geometry and dynamical systems in the plane and might be called the 
classic approach. We refer to the classic works of H. Poincart [PO], H. 
Dulac CD], N. N. Bautin [Ba]. The other was introduced more recently 
by Landis and Petrowski [La] and developed by Ju. S. Il’iaSenko. It deals 
with the complex singular foliation defined by a polynomial vector field in 
@P2. In that case techniques of complex analytic geometry and of the 
theory of transversally holomorphic foliations appear useful. We refer to 
the work of Ju. S. Il’iaSenko [II-Ib]’ and to the book of J. P. Jouanolou 
CJI. 
In what follows, we analyze some consequences of the first possible way 
to attack the problem of bounding the number of limit cycles. This problem 
is certainly the main one in the global theory of analytic vector fields. The 
local theory of analytic vector fields, on the other hand, is very satisfactory, 
in dimension two with the desingularization theorem of A. Seidenberg [Se] 
completed by C. Camacho and P. Sad [C] and the works of J. Martinet 
and J. P. Ramis [M]; in higher dimensions with works on normal forms 
by A. D. Brjuno [Br], J. Ecalle [El, E2], and J. P. Francoise [Fl]. But 
the global theory is much less understood. 
In addition, we consider deformations of limit cycles along a path in 9’. 
The possibility of keeping track of the periodic solutions in some cir- 
cumstances justifies the title of our paper. A first version of this work, 
“Deformations de cycles limites,” appeared as a preprint of the Institut des 
Hautes Etudes Scientifiques (IHES). 
1 In a recent paper [I63 Il’iaSenko proves that if the singularities of the field u are hyper- 
bolic or centers (including those at infinity) then it has only a finite number of limit cycles. 
Although this result has no immediate influence on the work presented here, because it does 
not treat bifurcation questions, it is a major step forward in validating the work of Dulac. 
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I. FIRST RETURN MAP OF A LIMIT-PERIODIC SET 
Let uO E 9’. How is it possible that in an arbitrarily small deformation of 
uO new limit cycles appear? 
To answer this question, we consider ( vk } a sequence in Y which con- 
verges toward uO and has a limit cycle { yk }. We denote by I3 the Poincare 
compactification of R*. It is the southern hemisphere of the 2-sphere and 
corresponds to R* under central projection. 
From the fact that the set of compact sets of D equipped with the 
Hausdorff metric is compact, we can extract from {yk > a subsequence 
which is convergent. Let yO be a limit of such a subsequence. 
DEFINITION. A subset y,, c D is a limit-periodic set for uO if there exists a 
sequence { yk } of periodic solutions of ( uk } + uO which converges to yO. 
Recall that a stable separatrix for the field u is a solution to (1) which 
converges to a singularity p as t + co, but which is not interior to a set of 
solutions converging uniformly to p. An unstable separatrix is defined by 
letting t + -co. A normal orientation of a separatrix (or any non-singular 
solution to (1)) is a choice of normal direction to it. 
DEFINITION. A graphic is a loop formed by singular points and normally 
oriented separatrices connecting them, 
so that 
PI. Sl,P2, s*,..., Pm7Sm9Pm+l=P15 
(i) sj is an unstable separatrix of pi and a stable separatrix of pj+ 1, 
and 
(ii) normal orientations nj of separatrices are coherent in the sense 
that if sj- i has left-hand orientation then so does sj (see Fig. 1). 
Note, for instance, that the Hamiltonian vector field of H= 
(x2 + y*)* - (x2 - y*)* has three different graphics: two simple loops at zero 
and their union. See Fig. 2. 
sjmlri-l t”j, ni-lq +“‘, 
Pi 7 pj ‘i 
FIG. 1. The separatrices are coherently oriented in (a) but not in (b). 
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FIG. 2. Three graphics. 
DEFINITION. A limit periodic is degenerate if it contains non-isolated 
singularities of v. 
For example, consider the Hamiltonian field uH of H(x, y) = 
X*Y + xy2 - xy. Its phase portrait is shown in Fig. 3. The field yu, has the 
same phase portrait except that all points of the x-axis are singular. The 
triangle with vertices (0, 0), (1, 0), (0, 1) is a graphic for vH but is a 
degenerate limit periodic for yv,. With these conventions, it is well known 
that the PoincarbBendixon theorem implies 
PROPOSITION 1. Limit-periodic sets are graphics, periodic solutions, 
singular points, or degenerate. 
Although a periodic orbit has an analytic first return map, the case 
of a graphic or singular point is less regular and requires the theory of 
H. Dulac. 
THEOREM 3 (H. Dulac). Let y0 be a graphic with a first return map L 
and a transverse section C. With (0) = y,, n .Z and Z* = C\(O), the map L, 
analytic on 27, has at (0) an asymptotic development 
L(X)” c x<L~>(x Ln x)<PJ>, 
(%B)E NS 
FIG. 3. The Hamiltonian field uH, 
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where I = (A I,..., 4) md P = (A ,...> A) are constants related to the geometry 
of the foliation near the singular points of y. 
Whether this asymptotic development converges is not known.2 
In the case of a perturbation of a Hamiltonian, this asymptotic develop- 
ment is related to asymptotic developments of the stationary phase whose 
convergence is closely related to the regularity of a Gauss-Manin connec- 
tion (cf. [F2]). 
A singular point p of u E 6 is said to be hyperbolic if the eigenvalues of 
the first jet of u at p have a nonzero real part. The set of u E Y for which all 
the singular points are hyperbolic is Zariski-open (i.e., its complement in Y 
is algebraic). If a graphic y0 has only hyperbolic singular points and if it 
has a first return map L, Dulac’s asymptotic development of L has leading 
term x6, where 6 is the product of the ratios of the eigenvalues of u at the 
vertices of yO. Such a graphic is said to be simple if 6 # 1. 
Let 9 be the PoincarP set of vector fields VE Y such that all the 
singularities of u on D are hyperbolic and u has no graphics. 
PROPOSITION 2. Every limit periodic of u,, E 9 is a limit cycle and uO has 
only a finite number of limit cycles. 
Prooj Suppose y0 is a limit periodic of v,,. Since u,E~, y0 cannot be 
agraphic. All fixed points of u0 are hyperbolic so y,, cannot be a fixed point. 
Being hyperbolic, the fixed points are isolated and y0 cannot be degenerate. 
Hence y0 is a periodic orbit. 
If ug has a band B of periodic orbits then the boundary of the band is 
two limit periodics, i.e., two periodic orbits. Analyticity of the field makes 
this impossible: although one of the periodic orbits may be 8D = the circle 
at infinity, the other, say /I, has a two-sided transversal r, and a Poincare 
map L: r + t, which, on r n 8, is the identity. Since L is analytic L is the 
identity on all of z and /I is not the boundary of B. Hence, all limit 
periodics are limit cycles. Since D is compact, any infinite set of limit cycles 
would accumulate at a limit periodic which would necessarily be a limit 
cycle, contradicting the fact that limit cycles are isolated. Q.E.D. 
Unfortunately, 9 is too small to contain any Zariski open set, since, as 
J. Sotomayor observed [So, Pa], the non-existence of saddle connections 
fails to be an algebraic condition. It is natural then to introduce 9*, the set 
of vector fields u E 9’ with only hyperbolic singular points and all of whose 
graphics are simple. Obviously 9 c Y* c Y. It is reasonable to conjecture 
that Y* is Zariski-open. An element u E Y* can have only finitely many 
periodic orbits. 
2 In [I61 Il’iaHenko shows that it may converge, but to the wrong limit. His example is 
elementary and gives further evidence of basic flaws in Dulac’s reasoning. 
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Using DUB’S work, C. C. Pugh [Pu] proved that a universal bound for 
the number of limit cycles on a dense set (such as 9) would imply a univer- 
sal bound for this number on all 9’. 
II. THEOREMS OF ANALYTIC GEOMETRY AND LIMIT CYCLES 
DEFINITION. A deformation of a limit cycle yi of u, E Y to a limit cycle 
y. of u. E 9’ is a continuous one-parameter family (u,, yS), 0 Q s d 1, such 
that y, is a limit cycle of u,EY. 
Continuity of y, as a function of s refers to the Hausdorff metric on the 
space of compact subsets of D. The definition makes sense also for limit 
periodics. 
THEOREM 4, Each u,E.~ has a neighborhood % in Y such that euery 
limit cycle of u E %! has a deformation to some limit cycle of vo. In fact all the 
periedic orbits of u E @ can be simultaneously deformed to limit cycles of v. 
by a deformation analytic on 0 -C s < 1. 
Proof. Suppose {yk > is a sequence of periodic orbits of vk E 9’ and 
vk + uo. The only accumulation set in D of the yk can be a limit-periodic y. 
of uo. Because v. f 8, y. cannot be a graphic or degenerate. It also cannot 
be a singular point, because the singularities of v. are hyperbolic. Thus, all 
periodic orbits of fields u near v. lie entirely near periodic orbits of uo. By 
Proposition 2 all periodic orbits of v. are limit cycles and they are finite in 
number. 
Erect transversals 2, ,..., C, to these limit cycles yol,..., yen of vo. There is 
a neighborhood -tr of v. in 9 such that if v E Y then 
(a) Ci is transverse to v, 1 < i < n. 
(b) The first return map L,: C; + Zj is well defined, where C: is 
some small fixed subtransversal across yoi, 1~ i < n. 
(c) Every periodic orbit of Y crosses lJy=, C:. 
As a function of VE Y and xeZi, L,(x) is analytic. Let 
z= fi c;, C’= fi c;, 
i=l i=l 
and 
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Then the set C = ((u, x) E r x 27: L(x, v) = x} is an analytic set containing 
the points (uO, x,,), where x0 = (xol,..., xon) and xoi = .Zi A yoi. 
According to Bruhat and Cartan [Bc] or Lojasiewicz [Lo], there is a 
neighborhood W of (u,, x0) in Y x C’ such that each (u, x) E C x W can be 
joined to (uo, x0) by an arc in C; say 
w: s - (us, x,), O<s<l. 
Choose a product subneighborhood W, = V. x Cl0 x *. . x C,, of (u,, x0) 
in W and then choose 4 to be such a small neighborhood of u. that 
(d) if u E +2 then every periodic orbit of u crosses U;=, Z:,. 
The arc w provides a simultaneous deformation of all the periodic orbits of 
u E 4 to the limit cycles of uo. Q.E.D. 
Let us now go to the Proof of Theorem 1. Fix T > 0, and call 
where cp,( ; u) is the u-flow, u E 9’. The set A is semi-analytic. The projec- 
tion x: A + Y is proper since A and Y are compact. Semi-analytic sets are 
sets given locally by analytic equalities or inequalities. After the pioneer 
work of Lefschetz, S. Lojasiewicz gave the proof of the triangulation 
theorem [Lo]. In [Hi] (see also [Hi-L-T], H. Hironaka gave a new proof 
of this fact which worked more generally for sets which are the direct image 
by proper maps of analytic sets. These sets, called subanalytic sets, have 
been studied independently by Gabrielov [Gal. R. Hardt developed 
stratification properties of sub-analytic sets and his work suggested to 
B. Teissier the theorem we will use now. 
THEOREM 5 (Hardt [H], Teissier CT]). Let 7~: A --t B be a subanalytic 
proper morphism of subanalytic sets. Given any point b E B, there exists a 
neighborhood %& of b in B such that z ~ ‘(u) has 6 N connected components 
and N is uniform ouer all u E 4!&,. 
In our case, we conclude that, since Y is compact, there exists a uniform 
bound N on the number of connected components of x-‘(u) for all u E 9’. 
For each limit cycle y of u having period p < T the set {p} x {y } x {u} is 
isolated from the rest of A. Hence u has < N limit cycles of period <T. 
Q.E.D. 
The notion of subanalytic sets seems well adapted to differential 
equations. It has been used for instance in control theory, and the Teissier 
theorem appeared as an appendix of F. Treves’ article “On the Local 
Solvability and the Local Integrability of Systems of Vector Fields” [T]. 
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Consider a transversal .Z to the u,-flow through a point of a periodic 
orbit y0 for u0 E 9’. For all u E V, some neighborhood u0 in Y, we get first 
return maps 
L: C’ -+ c, 
where 27 is a fixed subtransversal of C across y,,. 
DEFINITION. The multiplicity of y0 (respecting 9’) is the maximum num- 
ber of limit cycles which are deformable to (u,, y,,) by a deformation 
s H (us, y,) such that u, E V and ys crosses 27, 0 d s Q 1. Theorem 1 implies 
THEOREM 6. The multiplicity of yO is finite. 
Proof. Let T be the period of yO. Given E > 0, there exist no more than 
N = b(d, T+ E)) limit cycles of period less than T+ E so no limit cycle has 
multiplicity greater than N. Q.E.D. 
Remarks. If y0 is a limit cycle, the assertion of Theorem 6 follows 
immediately from the Weierstrass division theorem. If y,, is a non-isolated 
periodic solution, the situation is not so simple, but we could replace use of 
Theorem 1 with use of the Hilbert basis theorem. (This is essentially how 
Theorem 5 is proved in codimension one.) 
An alternate proof of Theorem 1 proceeds as follows: we first establish 
Theorem 6 by Hilbert’s basis theorem. Then we make use of the following 
general emmas. 
LEMMA 1. The tangents to a C’ loop in [w” are neuer contained in a 
single open half-space. 
ProoJ Let WOE KY, H= {we UV: w.wO > 0} and suppose y: [a, b] + [w” 
has j(l) E H, a & t < b. Then 
(y(b)-y(a)).w,= li t).wdt>O s 
implies y(b) #r(a). Q.E.D. 
A consequence of Lemma linvolves the tangent flow. If cp is a C’ flow on 
a manifold M and TM has a Riemann structure, then cp induces a flow Sp 
on its unit vectors SM as 
T,cp,(u) 
Scp is the unit tangent flow. 
KEEPING TRACK OF LIMIT CYCLES 147 
LEMMA 2. Let qn be C’ flows on a manifold M, possibly with boundary, 
and let yn be a periodic orbit of q,,. Suppose q,, + cp in the C’ sense and the 
period z, of y,, is bounded. If 
Pn = Y”(O) + P E M and 
3,(O) u =-+uuEr,M 
n Il;,(O)l 
as n -+ co then Sq has a periodic orbit through u. 
ProoJ Any tangent flow leaves invariant the vector field generating the 
base flow; i.e., TV($) = 4. Thus the 
SYn = {3n(t)hrI(t)l: t E WI 
are periodic Sq,,-orbits having bounded period r, < T. They accumulate at 
u. Since Sp, + Sq in the Co sense, it follows that the Sq-orbit through u is 
either periodic or fixed. In the former case the lemma is proved, so assume 
the latter: 
(ST),(U) = ‘4 tE R. 
Choose a smooth chart at p. Since Sq,, -+ Sq in the Co sense, 
for all large n. But this contradicts Lemma 1 because (in the chart) it says 
that not only does i),(t) lie in an open half-space but it is nearly parallel to 
a single vector U. Q.E.D. 
From Lemma 2 it is easy to prove 
PROPOSITION 3. If @ is a compact set of C’ jlows on a compact manifold, 
then either there is a positive lower bound on the periods of its periodic orbits 
or Q, has no periodic orbits at all. 
Proof: Suppose not: (P,,E 0 has a periodic orbit y,, of period r, --) 0. 
Since @, M, and SM are compact, we may assume rp,, + cp in a C’ sense, 
p,, = y,(O) +p in M, and u, = 3,(O)/lj,(O)( + u in SM, as n -+ co. But u, has 
period r, + 0, which implies u is fixed by Sq, contradicting Lemma 2. 
Q.E.D. 
Remark. Presumably, Proposition 3 holds also for Lipschitz flows. 
As a final preparation for the alternate proof of Theorem 1 we consider a 
linear center of VIE Y-that is, a point p. where the derivative matrix 
(Dv~)~,, has purely imaginary, nonzero eigenvalues. Through p. draw a 
horizontal ray po. Any v E Y near v. has a unique singularity at a point p 
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FIG. 4. The Poincari: map around a linear center or near linear center. 
near po, and p depends analytically on u. Let p be the horizontal ray 
through p. For some 6 > 0 and ail u in some neighborhood % of a0 there is 
defined a Poincare map L: (0, S] + (0, 11 as indicated in Fig. 4. It is clear 
that L = L(x, u) extends continuously to the Poincare map for x < 0 with 
L(0, v) E 0. The multiplicity of the center p. for u. is the maximum number 
of limit cycles which are deformable to (uo,po) by a deformation 
s H (II,, yS) such that a, is near u. in Y and y, crosses p. 
LEMMA 3. L(x, u) is analytic on [ -6, S] x 92 and the multiplicity of p. is 
finite. 
Prooj Analyticity everywhere xcept x = 0 is clear. Let cp be the u-flow. 
In the (x, y)-coordinates at p, the linear part of u. is 
0 -P 
Pro),= p 0 ( > ’ 
p #O. 
Write rp as (cp’, cp’) respecting the (x, y)-coordinates. Since cp,(O, 0) E 0, the 
function 
$(lT xT VI = 
0 if x=0 
(l/x) cpf(x, 0) if x#O 
is well defined and analytic for x small. We claim that 
a* 
( > at ,=2n,/?,x=0,“=“o= B- 
The first variation equation 
and 
0 -B 
(Duo),, = p o 
( > 
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imply 
DP,),= 2nl~,x=O,u=tJo = I. 
Thus, at u = uo, 
=(““:o~“‘),-,=(““~~“‘):-, 
= the (2, 1 )-entry of (D~,),,(@J,),= 2n,B,u= vo,x=o 
= B 
as claimed. The Implicit Function Theorem then provides a function t(x, u) 
which equals 27r//3 at (x, u) = (0, uo), which solves 
t4t(x, u), J-9 0) = 0 
and which is analytic on a neighborhood of (0, uo) in R x Y. The first 
return map 
L(x; u) = &“)(X, 0; 0) 
is therefore analytic even at p. 
Finiteness of the multiplicity of p. follows from analyticity of L and 
Hilbert’s basis theorem. Q.E.D. 
Now we complete the alternate proof of Theorem 1. Let USE Y and 
To > 0 be given. Suppose there is no local bound for the number of limit 
cycles of period d T possessed by vector fields u near uo. Then there is a 
sequence u, + u. such that u, has n limit cycles 
Assume diam(y,,) > 6 >O for some infinite number of distinct limit 
cycles. They accumulate at some limit periodic set of uo, r, which is not a 
single singularity. If some singularity p. lies on r then cp,(po) -p would 
imply that any u,-trajectory of diameter 26 passing near p. has time- 
length >> To, because near p. it moves very slowly. Hence r has no 
singularity and it is a periodic orbit by Proposition 1. This contradicts 
Theorem 6. 
Assume instead that diam(y,,) + 0 as n + co. Then the ynm accumulate 
at some singularity p. of uo. Choose a subsequence of ~,(O)/l~,(O)l which 
converges. By Lemma 2, Scp has a periodic orbit in S,(W2) = S’. Thus, 
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(Du,),, has no simple real eigenvalue, for such an eigenvalue leads to a 
fixed point of Sq on SP,(R2). A 2 x 2 real matrix with no simple real eigen- 
value has two complex conjugate nonreal eigenvalues, so (Du,),, generates 
a linear center, source, or sink. In neither of the latter two cases can there 
exist periodic orbits near p0 for vector fields near uO. Hence (Du,), is a 
linear center. By Lemma 3, the first return map is analytic and p0 has finite 
multiplicity, contradicting the assumption that unboundedly many limit 
cycles cluster at pO. 
We have shown that the number of limit cycles of u having period < r, 
is bounded as u varies over some neighborhood of u,, in Y. Compactness of 
Y gives a global bound and the alternate proof of Theorem 1 is complete. 
Q.E.D. 
Theorem 5 seems very useful as far as periodic orbits are concerned and 
we give two other examples of its application to related questions. 
III. FOLIATIONS TRANSVERSE TO A FIBRATION 
III. 1. Buutin ‘s Theorem [ Ba]. 
Let u0 = -x(8/8x) + y(a/ax). The orbits of u,, and circles x2 + y2 = R2. 
We perturb it locally into a 
+ 2 g,x’ye 
i+j22 aY 
The u-flow remains transverse to the rays on a small fixed neighborhood U 
of 0. Given a fixed ray C, we can associate a first return map 
LC3XHL(X, U)EL 
and the periodic solutions are given by the zeros of the equation 
L(x, u)-x=0. 
The map is analytic, even at the origin. Here again, we consider the projec- 
tion 
{(x,u):L(x,u)-x=O}cCxY-+Y 
and Theorem 5 allows us to conclude that the number of limit cycles in U 
for perturbations of u0 is uniformly bounded. We could equally well use 
Hilbert’s basis theorem to prove this result, as in Lemma 3 above. 
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111.2. Vector Fields withf= 1 
Let v = a/ax + g(a/ay). We are interested in bounding the number M of 
trajectories which start at x = 0 with level y and hit the line x = 1 at the 
same level y (cf. C. C. Pugh [Pu] ). Theorem 5 in the same way implies 
THEOREM 7. M is uniformly bounded if y varies in a compact subset of 
the y-axis and the coefficients g vary in a compact analytic variety. 
IV. THE LENGTH OF LIMIT CYCLES 
In [La] Petrovsky and Landis attempt to solve Hilbert’s 16th problem. 
They complexify the x and y variables. Equation (1) becomes a complex 
differential equation (with complex time) on C2. Its solutions give a 
singular foliation of @*. 
In [Il, 123 Ju. S. Il’iaSenko constructs a complex analytic foliation in @* 
with arbitrarily large Petrovsky-Landis genus, and thereby confirms the 
existence of a major gap in their proof, especially with regard to Lemma 13. 
In his beautiful construction, arbitrarily many complex limit cycles, defined 
to be nonzero elements of the fundamental group of the complex leaves, are 
produced by deformation of 6 i S/;, where 6,) 6, are vanishing cycles of a 
Morse polynomial function. As the integer k increases, so does the 
Petrovsky-Landis genus and the arc length. Theorem 2 shows that this 
phenomenon is not present in the real case. 
LEMMA 4. A periodic solution of (1) crosses any straight line in Iw* no 
more than d+ 1 times. 
Proof Between each pair of crossings is a point of tangency, i.e., a zero 
of the component of v normal to the line. Since v has degree d, there are no 
more than d such zeros. Q.E.D. 
Remark. Results like this are common in polynomial dynamics. 
LEMMA 5. If A is a continuous curve in the unit square such that 
(a) 1 meets almost every vertical line in <k points, and 
(b) 1 meets almost every horizontal line in Grn points, 
then 3, has arc length <k + m. 
Proof Choose a tine mesh a = t, c t i < ... < t, = b of the parameter 
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x 
X(ti_l) 
E-Q 
Li h(ti) 
FIG. 5. L is a grid approximation to 1. 
domain of A. Draw a curve L through these points A(ti) consisting of ver- 
tical and horizontal segments. (See Fig. 5.) Then 
Z(L)= i z(Li)3 f In(ti)-L(ti-l)ly 
i=l i=l 
where 1 denotes the arc length. Suppose I is rectifiable and 
6=max Iti-~i-lI. Then 
lip i:f I(L) 2 l(A). (2) 
Suppose A is not rectifiable. Then the sum above tends to infinity and again 
(2) follows. 
The curve L also satisfies (a) and (b). For, excepting the vertical lines 
containing the vertical segments of L, any vertical line meeting Li in a 
point also meets li in a point. By Li and li we mean the part of L and A 
between A(ti- i) and A(ti). Since 1 meets almost every vertical only m times, 
so does L. Likewise for horizontals. 
Note that no vertical line I’ meets L in m + 1 isolated points. For to do 
so V would meet L interior to m + 1 of its horizontal segments and 
therefore very V’ near V would also meet L m + 1 times, contradicting (a). 
Likewise for horizontals. 
Let X be the projection onto the x-axis of the vertical segments in L. 
Over each interval in [0, l] - X, L consists of <k horizontal segments. 
Clearly, then, the length of the horizontal segments in L is <k and the 
total length of the vertical segments of L is <m. Thus, l(L) G k + m. From 
(2) we conclude 
k + m 2 l$ i;f l(L) 2 l(l). Q.E.D. 
Proof of Theorem 2. Since we work in D, not I%‘, we cannot use 
Lemma 5 as it stands. Consider great circles in ED as drawn in Fig. 6. That 
is, draw a square in R2 and then project it to D. The proof of Lemma 5 
works just as well for this spherical square. Its edges have length <K and 
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FIG. 6. A spherical square. 
we deduce that any curve meeting no great circle in D more than d+ 1 
times has arc length < 27c(d+ 1). By Lemma 4 we then deduce 
f(y) < 2n(d+ 1) 
for all periodic orbits of u E 9’. Q.E.D. 
COROLLARY. A limit periodic of any u E Y has arc length <22n(d + 1). 
Proof. It is the uniform limit of periodic orbits and all of them have arc 
length <2n(d+ 1). Q.E.D. 
Remark 1. For quadratic fields (d = 2) the idea of Lemma 4 implies that 
all limit cycles are strictly convex. It would be interesting to know what 
else characterizes the shape of limit cycles. Strictly convex curves which 
approximate the shape of a square are probably never limit cycles for 
quadratic fields. 
Remark 2. Depending on the parity of d, the estimate in Theorem 2 can 
be sharpened. For if y is a periodic orbit then it crosses any line an even 
number of times. Thus 
LEMMA 4’. Any periodic orbit v E 9, crosses a. line no more than d’ times, 
d= 
d if d is even 
d+l if d is odd. 
Consequently, 
THEOREM 2’. Any periodic orbit of u E Yd has arc length c 27cdl. 
Remark 3. Even for graphics which are not limit periodics, a uniform 
arc length estimate should hold. 
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Remark 4. An estimate like Lemma 5 should hold for all surfaces. 
Curves crossing geodesics no more than m times should have arc length 
bounded by some simple function of m. 
V. OPEN QUESTIONS 
It seems interesting to us to state the following problem. Define the mul- 
tiplicity of a limit-periodic set as the maximal number of limit cycles which 
it can produce under an arbitrarily small deformation of the vector field. 
Does there exist a universal bound for the 
multiplicity of a limit-periodic set v E Y ‘2 
This is in some sense the real version of a question of Ju. S. Il’asenko for 
complex differential equations put forth at the International Congress at 
Helsinki. It may be related to the work of Khovansky [K]. 
We can ask, too, if it is possible, as in Theorem 4, to keep track of a 
limit cycle as it deforms to a graphic. Even when the graphic is simple, 
there may be problems. It seems that a sharply attractive graphic may give 
birth to repelling limit cycles under a small perturbation of the field. 
We conclude with a C” example of such a surprising situation. We 
believe the phenomenon occurs for polynomial fields too. 
Consider a vector field v0 on R2 with a biangle graphic yO, such that the 
laws of correspondence past its saddles, L, : r, + r2 and L,: z2 + T,, are 
L,(x) = x3’4 and L,(x) =x*, 
respectively. See Fig. 7. We parametrize ri and z2 so that x = 0 corresponds 
to their intersection with y0 and x > 0 corresponds to points inside yO. Note 
that y0 is simple. 
FIG. 7. The graphic yO sharply attracts nearby trajectories lying inside it. 
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FIG. 8. Twisted separatrices. 
Perturb u,, by twisting its right separatrix clockwise and its left separatrix 
counterclockwise. (See Fig. 8.) This gives new laws of correspondence 
L ~xb--+X3~4+& l& * 17 LZE:XHX=-E2, 
where sl, .s2 > 0. The composition 
L,(x) = (x3/4 + El)2 - E2, E = (El, &*I 
is the first return map of the perturbed field u, respecting the transversal r, . 
Positive small solutions to L,(x) - x = 0 correspond to periodic orbits 
of u,. 
A repelling limit cycle y near y0 corresponds to a positive small solution 
of 
L,(x) -x = 0, (3) 
L:(x) - 1 > 0. (4) 
Change variables by setting t = x1’4 on rl. The sign of the derivative in (4) 
is unchanged and the existence of y amounts to a small positive solution of 
t6 + 2&l t3 + &f - &2 - t4 = 0, (5) 
6t5 + 6~ t= - 4t3 > 0. (6) 
For t > 0, (6) is equivalent to 
3t3-2t+3E1>0, 
which does have a small positive solution t = t(e,) << sl. Substitute this 
t(cl) into (5) and determine s2 > 0 to give the equality. In fact, .e2 N ET. The 
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choice E = (Ed, Q(E,)) gives solutions X, to (3) and (4). That is, the curve 
E, H u, is a continuous one-parameter family of fields such that a repelling 
periodic orbit yE of u, bifurcates continuously from the attracting graphic 
YO. 
The same method lets us make a non-hyperbolic limit cycle bifurcate 
from yo. 
Remark. In the preceding example y. has two singularities. This is 
necessary because Andronov and Leontovich prove that an attracting 
graphic petal (it has only one singularity) bifurcates only to an attracting 
limit cycle [Al, A2]. 
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